Different decompositions of the nucleon mass, in terms of the masses and energies of the underlying constituents, have been proposed in the literature. We explore the corresponding sum rules in quantum electrodynamics for an electron at one-loop order in perturbation theory. To this end we compute the form factors of the energy-momentum tensor, by paying particular attention to the renormalization of ultraviolet divergences, operator mixing and scheme dependence. We clarify the expressions of all the proposed sum rules in the electron rest frame in terms of renormalized operators. Furthermore, we consider the same sum rules in a moving frame, where they become energy decompositions. Finally, we discuss some implications of our study on the mass sum rules for the nucleon.
I. INTRODUCTION
Understanding the internal structure of hadrons -most notably the nucleon -is one of the longstanding problems in quantum chromodynamics (QCD), where the ultimate goal is a complete description of the hadron structure in terms of quarks and gluons, the fundamental degrees of freedom of QCD. For example, various types of (multi-dimensional) parton distribution functions (PDFs) encode important aspects of the hadron structure (see, e.g., [1] [2] [3] [4] [5] and references therein). At energy scales that are comparable with hadron masses, the PDFs are entirely non-perturbative objects, which means that perturbative QCD cannot provide any reliable insights into PDFs in this kinematical regime. Therefore, constraints on PDFs are coming exclusively from high-energy scattering experiments, numerical calculations in lattice QCD, or (non-perturbative) models of hadrons.
A special role is played by global properties of hadrons such as their charges, spin and mass. Some of these global properties can be obtained by performing suitable integrals of PDFs, and hence we need to know them over the complete range of integration. This point is related to the fact that PDFs are defined through matrix elements of non-local operators, while global properties of hadrons are related to local operators. In this context, the energy-momentum tensor (EMT) has attracted a lot of attention recently. For (almost) all the available definitions, the EMT is given by a local operator whose matrix elements are parametrized in terms of form factors, which give access to the spin, the mass, and the pressure and shear distributions of hadrons [6] [7] [8] [9] , and as such contain a wealth of information.
The direct extraction of the EMT form factors from experiment is challenging, although first proof-of-principle studies exist [10, 11] . Calculations of these form factors have been performed in different models (see, e.g., Refs. [7, 9] and references therein) and in lattice QCD [12] [13] [14] [15] [16] [17] .
A lot of work has already been done for what concerns the spin decomposition of the nucleon, as well as the pressure and shear distributions (see, e.g., [7, 10, 18, 19] and references therein). In the present study, we will focus on the global property of the mass. Understanding the internal structure of hadrons is intimately related to understanding the origin of its mass from the mass and energies of the partons. Different mass decompositions (sum rules) related to the EMT have been proposed in the literature [20] [21] [22] [23] [24] . It has also been argued that photo-and electro-production of quarkonia close to the kinematical threshold can add to the understanding of the nucleon mass [25] [26] [27] [28] [29] [30] [31] .
Here we explore the proposed mass decompositions by Ji [20] , Lorcé [23] , and Hatta, Rajan, Tanaka [24] for an electron in quantum electrodynamics (QED) by using perturbation theory up to one-loop order. Normally, it is not common to talk about a decomposition of the electron mass in QED. One rather just distinguishes between the physical (measurable) mass and the bare mass when renormalizing the theory, where the renormalized fermion propagator has a pole at the physical electron mass. However, the physical electron can be seen as a dressed particle surrounded by a cloud of (virtual) photons, electrons, and positrons, which may be interpreted as (constituent) "partons" contained in the physical electron, providing a close analogy to the partonic structure of hadrons [32] [33] [34] [35] . The mass sum rules presented in Refs. [20, 23, 24] allow one to identify separate contributions from the constituents to the mass of the physical electron. We perform the calculation to first order in the fine structure constant α, which corresponds to considering quantum fluctuations of the physical electron into a photon and an electron. Up to this order, the topologies of the QED diagrams for the EMT are the same as for a quark target in perturbative QCD, so that the results in the two cases basically just differ by a color factor. One-loop QED results for the total EMT of the electron are available in the literature [36] [37] [38] , but these works do not distinguish between the individual contributions from the electron and photon constituents. To the best of our knowledge, in the forward limit the separate contributions to the EMT form factors have been discussed for the first time in Ref. [39] . Here we revisit this work, which explores the mass sum rule of Ref. [20] , by paying specific attention to the proper renormalization of the form factors. The renormalization involves operator mixing and, of course, leads to scheme-dependent results. We also investigate the two mass decompositions that were suggested more recently in Refs. [23, 24] . We discuss a (new) renormalization scheme for the EMT, including its potential relevance for the sum rule of Ref. [24] . Our analysis furthermore suggests that the sum rule presented in Ref. [20] should be modified somewhat. Moreover, we identify renormalized operators in relation to the sum rule of Ref. [23] . In particular, we find that the four-term decompositions in both Ref. [20] and Ref. [23] actually have three non-trivial terms only. We note in passing that the spin decomposition of a dressed electron in QED has been studied intensively in a number of papers (see, e.g., Refs. [35, [40] [41] [42] [43] [44] ). Therefore, it seems timely to take a (fresh) look at the corresponding problem for the electron mass.
The paper is organized as follows: In Sec. II, we review the basic properties of the EMT and give the parametrization of the EMT matrix elements in terms of form factors, while in Sec. III we discuss the renormalization procedure leading to the renormalized EMT form factors. In Sec. IV, we examine the three aforementioned mass sum rules available in literature and we consider those sum rules defined in the electron rest frame also in a moving frame, where they become energy decompositions. We summarize our results in Sec. V.
II. DEFINITIONS
The "canonical" EMT is defined as the Noether current associated with the space-time translational invariance of the Lagrangian, and therefore it satisfies the continuity equation
As known, we have the freedom to modify the expression of the EMT by adding a superpotential,
with Φ ρµν = −Φ µρν . This corresponds to the Belinfante-Rosenfeld [45] [46] [47] procedure that allows one to incorporate specific properties into the EMT, such as the symmetry in the Lorentz indices and the gauge invariance. Having a symmetric EMT is not essential though in quantum field theory, as the antisymmetric part of the EMT is associated with the spin of the particles. But the gauge invariance is an essential property for the EMT. Contrary to popular belief, it is possible to derive a symmetric and gauge invariant EMT via the "canonical"
technique of the Noether current without resorting to Belinfante's symmetrization technique, as shown in Refs. [48] [49] [50] [51] . Since the antisymmetric part of the EMT does not contribute to the forward limit in which we are interested, we will use the symmetric form, i.e.
where
The indices e and γ refer to the separate electron and photon contributions, respectively. In Eqs. (3) and (4), all the fields and the elementary charge e are renormalized, with Z i = 1 + δ i denoting the standard Lagrangian counterterms.
We have used dimensional regularization in d = 4 − 2ε dimensions with the mass scale µ.
The forward matrix element of the EMT is parametrized in terms of form factors as
where the Dirac spinors are normalized asū(P )u(P ) = 2m, with m the electron mass. In 
The EMT matrix element can be calculated at any order in α from the Green function with the insertion of the EMT operator, i.e.
where T indicates the time-ordered product. The space-time point at which the EMT is evaluated is irrelevant thanks to the translational invariance of the forward matrix element.
In Fig. 1 1,2 give the corresponding counterterms. V 1,2 are the diagrams associated with the interaction term present in T µν e , whereas V 3 is the one-loop electron vertex correction that arises from the derivative term in T µν e . Finally, V 4 is the one-loop vertex correction with the photon coupled directly to the external operator.
III. RENORMALIZATION
In the calculation of the diagrams in Fig. 1 , one finds ultraviolet (UV) divergences in the separate electron and photon contributions. Moreover, if one splits the electron contribution according to
one infrared divergence shows up in L tot and V 3 due to the loop integrals, whereas
is infrared safe because of the four-particle vertex where the photon couples directly with the external operator. However, we are not concerned about the infrared divergences in the individual diagrams, as we are interested in the total electron contribution
which is infrared safe. The separate diagrams L i depend on the renormalization scheme of the Lagrangian, but L tot does not. We employ dimensional regularization for both the UV and infrared divergences, with ε UV > 0 and ε IR > 0 the corresponding dimension parameters.
We obtain the following results:
where we defined
The bare (i.e., with Lagrangian renormalization only) form factors A i (0) andC i (0) can be extracted from Eqs. (9)- (12) as the coefficients of 2P µ P ν and g µν , respectively:
Because of the continuity equation (1), the renormalization of the Lagrangian also renormalizes the total EMT. But it does not renormalize the UV divergences of the separate contributions from the electron and photon EMT. Therefore, additional renormalization is required.
The renormalization of the UV divergences of the individual composite operators defining the EMT is a rather tricky subject, discussed in detail in Refs. [24, 52] for QCD. Following the procedure outlined in these works, we introduce the operators
which allows us to write
1 To simplify the notation, we omit the tensor indices in the operators O i .
We will use the modified minimal subtraction (MS) scheme instead of the MS scheme employed in Refs. [24, 52] . The transition between the two schemes is simply performed with the replacement 1/ε UV → ∆ UV . We will carry out the renormalization for the operators evaluated between electron states. Therefore, some of the counterterms associated with the photon contributions vanish. Additional work would be required to renormalize the EMT evaluated between photon states. Considering (just) the forward limit does not simplify the renormalization procedure, as the counterterms are independent of the external kinematics.
We repeat that the Lagrangian renormalization for all the fields is understood -at O(α) the charge renormalization is not present. For the renormalization of the composite operators O i we consider the following system of equations:
where O 4 is renormalization-invariant because it enters in the QED Lagrangian. Equations (20)- (23) are obtained by considering all the independent operators with the same dimension and the same Lorentz structure (second rank tensor in this case). The trace part in Eq. (21) is simplified using the well known results for the trace anomaly, see Refs. [53] [54] [55] [56] .
The result for the trace anomaly also fixes the counterterms of the trace of the photon EMT (in the MS scheme),
where we used the definitions of the QED β-function and the anomalous dimension of the electron mass at order α,
The invariance of the total EMT under renormalization imposes the following constraints on the counterterms:
We can also define the traceless operators O i for the electron and the photon
where x, y are finite α-dependent parameters starting at O(α). We recall from Eq. (6) that the traceless operators are directly related to the A i (0) form factors. As already pointed out in Ref. [52] , the Eqs. (26)- (29) do not add new constraints on the values of x, y. To fix these two parameters one may either use the MS scheme in which one requires a vanishing finite part for all the counterterms. Before elaborating more on this point, we recall that the trace of the renormalized electron and photon operators are, generally, linear combinations of the renormalized traces of the electron and photon operators (see, e.g., Eq. (9) in Ref. [29] ),
One may consider choosing x, y such that this system of equations becomes diagonal. This
is achieved in what we call the "diagonal" (D) scheme. In this scheme, we choose x = 0, in order to remove the photon contribution from the r.h.s. of Eq. (32), and y = γ m , in order to remove the electron contribution from the r.h.s. of Eq. (33) . We emphasize that this definition of the D scheme holds to all orders in perturbation theory and can be used also in QCD. To O(α) we have for the two schemes
For our purpose of the one-loop calculation, the value of x is actually not relevant since for an electron state the product (13)- (16), we can immediately derive
The full evolution equations also require knowledge of A e and A γ for a photon state. Here we will not consider them since we are dealing with an electron state only. However, the A i (0) are matrix elements of twist-two, spin-2 electron and photon operators, and follow the evolution equations of the second moment of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equations for the flavor-singlet part of the unpolarized PDFs. To one loop-order, one can use the QCD results of Ref. [24] with n f = 1, C F = 1, C A = 0 for the QED case. Following the procedure illustrated in detail in Ref. [52] , we obtain in the two schemes
The difference between the two schemes is a finite part of O(α). Using the values for the counterterms in Eqs. (24) and (36)- (38), along with the (trivial) tree-level results
we obtain from Eqs. (20)- (23) in the MS scheme
The corresponding results with the counterterms in the D scheme are
As a result, the renormalized expressions for the Feynman diagrams read
MS,
where we put the finite part of the counterterm of
The corresponding results for the renormalized form factors are
, MS,
IV. MASS SUM RULES
Different mass sum rules for the nucleon exist in the literature: a four-term decomposition proposed by Ji in Ref. [21] , a two-term and a four-term decomposition by Lorcé [23] , as well as a two-term decomposition of the mass squared by Hatta, Rajan, Tanaka [24] . In the following, we will explore these sum rules for the electron, based on the one-loop results for the EMT discussed in the previous section.
A. Two-term decompositions
We start with the two-term decomposition of m 2 proposed in Ref. [24] which reads
From Eqs. (32)- (33), we find
where we used (mψψ) R = 2m 2 (1 − γ m ) and neglected O(α 2 ) terms. We observe that, at O(α), in the D scheme the electron mass is exclusively related to the trace of the renormalized electron operator, while the photon contribution vanishes. Once higher orders are taken into account one would findm 2 γ = 0 in the D scheme. However, to any order in perturbation theory the D scheme ensures thatm 2 e is exclusively given by a fermion operator andm 2 γ by a photon operator. Therefore, the D scheme is perhaps the most natural scheme for the two-term decomposition of m 2 proposed in Ref. [24] . We also point out that one can hardly assign a physical interpretation to both the size and the sign of the O(α) corrections, which (can) both depend on the scheme. On the other hand, the non-negative results form 2 γ that we find in both schemes at O(α) are intuitive.
The two-term sum rule for m 2 of Ref. [24] has the advantage of being a frame-independent decomposition. All the other decompositions that we consider in the following depend on the reference frame. We therefore discuss them first for the rest frame of the electron and afterwards comment on the required modifications in a moving frame.
In the two-term decomposition of Ref. [23] , the mass of a particle is written as the sum of the energies carried by the constituent and gauge degrees of freedom (electron and photon in our case),
The definition of the (partial) energies U i , in terms of renormalized operators 2 , is
We can therefore use the results in Eqs. (50)- (53) to compute the partial energies in the two renormalization schemes,
We repeat that the scheme dependence prevents a clean interpretation of the O(α) results.
Yet, we find positive values for U γ in either scheme (unless the renormalization scale µ is extremely low), in agreement with what one would intuitively expect for the contribution due to the photon energy. Below we will further comment on the properly renormalized operators associated with the two-term decomposition of Ref. [23] .
B. Four-term decompositions
We would now like to comment on the four-term sum rule proposed in Ref. [21] and studied for the electron for the first time in Ref. [39] . In the latter paper, the individual contributions to the mass decomposition are defined in terms of the bare operators instead of the renormalized composite operators introduced in the previous section. Following Ref. [21] , we can decompose the EMT into a trace part and a traceless part according to
with the trace term given byT µν = 1 4 g µν T α α . As described in the previous section, the separation of the two operators in terms of electron and photon contributions depends on the renormalization scheme and involves mixing of the electron and photon contribution under renormalization. Therefore, the procedure of Ref. [21] , where the traceless partial operators are obtained by subtracting the trace term from the full EMT separately for the electron and photon, deserves a fresh look. In accordance with Ref. [21] , we introduce the QED Hamiltonian H and the Hamiltonian density H as
2 Operator renormalization was not discussed in any detail in Ref. [23] The separate electron and photon contributions to the traceless and trace operators are then defined as
(H m ) [21] = (T 00 e ) R
(H a ) [21] 
Following Refs.
[21], we can define
where we also give reference to the corresponding nomenclature from Ref. [23] 
we then obtain the definitions of Ref. [21] ,
where H e represents the electron kinetic and potential energy, H m is the quark mass contribution, H γ is the photon kinetic and potential energy, and H a is the anomaly contribution.
We can also introduce the two parameters a and b of Ref. [21] as the matrix elements of the traceless and trace electron contributions, respectively,
Using the constraints in Eq. (7), we also obtain the relations
So far we have reviewed the main points of the mass sum rule of Ref. [21] . In the following we address one issue of that paper and suggest a modification of the sum rule. In Ref. [21] , the results for the traceless photon and electron contributions have been obtained by subtracting from the full EMT the trace part calculated with the use of the equations of motion for the fermionic fields. However, as already discussed in Ref. [52] , this manipulation can not be applied when dealing with the renormalized operators O R i , since the trace operation and the renormalization do not commute, i.e. (30)- (31), we find that the 00-component of the traceless electron and photon parts are given by
The matrix element of the revised expression in Eq. (77) for the 00-component of the traceless electron operator allows us to identify the parameter a with the renormalized form factor
The 00-components of the trace parts also change because of additional mixing, as can be seen from Eqs. (32)- (33) . We find
To recover the intuitive picture in terms of kinetic and potential energy of the electron and photon, we need to take different combinations of the operators according to
with the constants
c ea = 4x
(1 + y)
This leads to the definitions
We argue that Eqs. (90)- (93) We can also work out the revised expressions of the constants a, b, defined as the (correct) traceless and trace electron contributions,
We stress that b is not directly the trace of the renormalized quark operator. Using the above definitions and Eqs. (81)- (84), we have the following mass decomposition:
In the two renormalization schemes, the results at O(α) read
Equipped with the proper one-loop results for the renormalized operators that appear in Eqs. (90)- (93), one can readily show that at one-loop the terms in Eqs. (71)- (74) do not add up to the mass of the electron. This is just a consequence of the aforementioned issue with the sum rule in Ref. [21] .
Before moving on to the second four-term sum rule, we make a brief comparison with the two-term decomposition of Ref. [23] . By means of Eqs. (58), (77)- (80), and (90)- (93), we find
Our three-term sum rule above could therefore be considered a refinement of the two-term decomposition of Ref. [23] . The relations in (105) also allow one to readily identify the properly renormalized operators for U e and U γ .
In Ref. [23] , another type of four-term decomposition has been discussed, which makes use of the concept of energy introduced in Eq. (58) and of the partial pressure-volume work 
The four term decomposition of Ref [23] reads as
where the individual terms correspond to the contributions of the internal energy to the matrix elements of theT 
with the constants c i defined in Eqs. (85)-(89). The main difference with respect to Ref. [23] is that we need to mix (T 
This means that, once working with properly renormalized operators, the four-term sum rule of Ref. [23] in fact reduce only to three nontrivial contributions. Finally, in the two renormalization schemes we have the explicit results
C. Sum rules in a moving frame
Except the two-term decomposition of Ref. [24] , all other mass sum rules, strictly speaking, only hold in the rest frame. However, one may expect that in a moving frame they still provide a meaningful result. In fact they become energy decompositions as we discuss in the following. For a moving electron with energy E, the partial energies become
If the electron momentum points along theẑ axis, i.e. P µ = (E, 0, 0, p), we find for the partial pressure-volume works
and therefore
The values of the a, b coefficients are not modified in a moving frame since they are related to the form factors and not to the energy. Recalling the identification a = A R e (0), we obtain the following modification of the expectation values of the traceless operators:
The trace parts are affected too because of the normalization of the states. We have
These results allow us to obtain the counterparts of Eqs. (103)-(104) for a moving frame,
, MS 
One can readily verify that the terms in Eq. (121) and in Eq. (122) add up to E. On the other hand, the individual terms of the energy decompositions cannot be obtained by multiplying the corresponding expressions in the rest frame by a common overall kinematic factor.
V. CONCLUSIONS
We discussed in detail the forward matrix elements of the EMT for an electron state by performing the calculation at order O(α) in QED. In particular, we presented an explicit calculation of the EMT renormalization procedure described in Refs. [24, 52] . We reviewed the mass sum rules proposed by Ji [20] , Lorcé [23] , and Hatta, Rajan, Tanaka [24] for the case of the nucleon, and applied them to the case of the electron by paying attention to the mixing of the individual contributions under renormalization. We also emphasized the scheme dependence of the various contributions to the electron mass which complicates the interpretation of the results.
In relation to the aforementioned papers on the nucleon mass our main findings are essentially threefold: First, we propose a new renormalization scheme which is arguably the most natural one for the two-term decomposition of the squared mass m 2 =m 2 e +m 2 γ in Ref. [24] . In this scheme,m 2 e is exclusively given by a (renormalized) fermion operator andm 2 γ by a (renormalized) photon operator. Second, we point at a nontrivial issue in the derivation of the four-term decomposition of [20] , which can be traced back to finding the properly renormalized operators for the trace of the EMT. Once this point is corrected, one actually arrives at a decomposition that contains three terms only, with the anomaly contribution hidden in the corresponding three renormalized operators. Third, we identify renormalized operators for the two-term and four-term decompositions of Ref. [23] . As a consequence, the aforementioned three-term decomposition (obtained in the spirit of Ref. [20] ) can be considered a refinement of the two-term decomposition of Ref. [23] , and the four-term decompositions of Ref. [23] boils down to a three-term decomposition.
The present work suggests related future studies: The implications of the findings for the various mass sum rules should be studied for the phenomenology of the nucleon mass.
Moreover, the one-loop QED calculation can be extended to the off-forward matrix elements of the EMT for the electron, which give access to pressure and shear distributions. Work along those lines is in progress.
